Let E be an elliptic curve defined over Q, and let G be the torsion group E(K) tors for some cubic field K which does not occur over Q. In this paper, we determine over which types of cubic number fields (cyclic cubic, non-Galois totally real cubic, complex cubic or pure cubic) G can occur, and if so, whether it can occur infinitely often or not. Moreover, if it occurs, we provide elliptic curves E/Q together with cubic fields K so that G = E(K) tors . .
Introduction
A celebrated theorem, finally proved by Mazur [M] , states that the torsion group E(Q) tors of an elliptic curve E over the rational numbers must be isomorphic to one of the following 15 types:
(1) Z/nZ, n = 1, 2, 3, . . . , 10, 12 Z/2Z × Z/2nZ, n = 1, 2, 3, 4
Let E be an elliptic curve over Q, and K be a cubic number field. Najman [N] determined that E(K) tors is one of the following 20 types:
(2) Z/nZ, n = 1, 2, 3, . . . , 10, 12, 13, 14, 18, 21 Z/2Z × Z/2nZ, n = 1, 2, 3, 4, 7
Moreover, he showed that the elliptic curve 162B1 over Q(ζ 9 ) + is the unique rational elliptic curve with torsion Z/21Z over a cubic field, and for all the other groups G in the list (2), there exist infinitely many rational elliptic curves that have torsion G over some cubic field.
Later, González-Jiménez, Najman and Tornero [GNT] determined the set of possible torsion structures over a cubic field of a rational elliptic curve such that E(Q) tors = G for each G listed in (1). Also, they studied the number of cubic fields K such that E(Q) tors = E(K) tors . complex cubic fields. Also González-Jiménez [G] gave an explicit description of the possible torsion growth of rational elliptic curves with complex multiplication over cubic fields.
Let K be a cubic number field. Then K = Q(α) for some α whose minimal polynomial is a cubic polynomial f (x). If all three roots of f (x) are real, K is called a totally real cubic field, and if f (x) has a non-real root, it is called complex cubic field. Moreover, if K contains all three roots of f (x), i.e., K is a Galois extension of Q, then K is called a cyclic cubic field. Indeed, a cyclic cubic field must be a totally real cubic field. Finally, if K can be obtained by adjoining the cube root 3 √ n of a positive integer n, then K is called a pure cubic field.
In this paper, we determine whether a torsion group G not occurring over Q can occur over which types of cubic fields, and if so, whether it can occur infinitely often or not. Moreover, if it occurs, we provide elliptic curves E together with cubic fields K so that G = E(K) tors .
Finally, we note that K-rational means defined over a field K, and rational without K means Q-rational.
Results
In this section, for each torsion group G not occurring over Q, we give results on it case by case. However we don't need to treat the case E(K) tors = Z/21Z as stated in the Introduction.
Similar to Cremona and Watkins [CW] , for a positive integer N, we will describe models for elliptic curves with N-isogenies as
where A N (t, U) = f (t)U 2 and B N (t, U) = g(t)U 3 , t and U are parameters and f and g are functions of t. A fixed value of t corresponds to a family of quadratic twists of an elliptic curve (all with the same j-invariant), a fixed value of t and a value of U up to squares defines an elliptic curve, and a (t, U)-pair defines a model.
Lemma 2.1.
(a) [GNT, Lemma 2 .5] Let p be prime, f a p-isogeny on E over Q, and let ker(f ) be generated by P . Then the field of definition Q(P ) of P (and all of its multiples) is a cyclic (Galois) extension of Q of order dividing p − 1. (b) [N, Lemma 18 ] Let E be an elliptic curve over Q and K a cubic number field.
If P is a K-rational n-torsion point of E where n is odd and not divisible by 3, then P generates a Q-rational n-isogeny of E.
E(K) tors = Z/13Z
Lemma 2.2. Suppose E is a rational elliptic curve with E(K) tors = Z/13Z for some cubic field K. Then K is a cyclic cubic field.
Proof. By Mazur's Theorem, E(Q) tors = {O} is trivial. So Lemma 2.1 shows that K must be cyclic. Now we will show that Z/13Z occurs infinitely often over cyclic cubic fields and construct an infinite family of elliptic curves whose torsion group is Z/13Z over cyclic cubic fields. By the computation in [CW] , we have a family of elliptic curves E t,U which have 13-isogenies over cyclic cubic fields K t,U as follows:
(3) E t,U :
U is a root of an irreducible cubic polynomial a 3 (t, U)x 3 + a 2 (t, U)x 2 + a 1 (t, U)x + a 0 (t, U) for some rational numbers t and U where
For simplicity, let E t , K t and α t denote E t,1 , K t,1 and α t,1 , respectively. Now we will find a quadratic twist E t,U of E t that has a K t -rational 13-torsion point. Note that α t is the x-coordinate of a 13-torsion point on E t . Let β t denote its y-coordinate. By a quadratic twist U = d 2 , E t becomes E t,U and (α t , β t ) maps to (d 2 α t , d 3 β t ). Thus U = d 2 ∈ Q and d 3 β t ∈ K t , hence dβ t ∈ K t . One can easily check that E t,U has a 13-torsion point over K t if and only if U = d 2 ∈ Q and dβ t ∈ K t . Now
On the other hand, d 2 β 2 t = (dβ t ) 2 is a square in K t , hence we have
, c i (t) ∈ Q(t) with i = 0, 1, 2. By comparing (4) and (5) and using Maple, we can obtain the following:
Finally, by letting t = u and U = −1 (u 2 +1)(u 4 −u 3 +5u 2 +u+1) in (3), we have an infinite family of rational elliptic curves E u over cyclic cubic fields K u with E u (K u ) tors = Z/13Z as follows:
A(u) = − 27(u 8 − 5u 7 + 7u 6 − 5u 5 + 5u 3 + 7u 2 + 5u + 1)/(u 4 − u 3 + 5u 2 + u + 1), B(u) =54(u 2 + 1)(u 12 − 8u 11 + 25u 10 − 44u 9 + 40u 8 + 18u 7 − 40u 6 − 18u 5 + 40u 4 + 44u 3 + 25u 2 + 8u + 1)/(u 4 − u 3 + 5u 2 + u + 1) 2 with u(u 4 − u 3 + 5u 2 + u + 1) = 0.
By this result together with Lemma 2.2, we have the following result:
Theorem 2.3. Suppose E is a rational elliptic curve with E(K) tors = Z/13Z for some cubic field K. Then K is a cyclic cubic field. Moreover, there exist infinitely many non-isomorphic rational elliptic curves E and cyclic cubic fields K so that
In this subsection, we are interested in the case where Z/14Z is the full torsion of E (K) . Elliptic curves with E(K) tors = Z/2Z × Z/14Z will be treated in Subsection 2.4. Suppose E is a rational elliptic curve with E(K) tors = Z/14Z for some cubic field K. By [GNT, Theorem 1.2] , E(Q) tors = Z/2Z or E(Q) tors = Z/7Z.
First consider the case E(Q) tors = Z/2Z. Let P be a 7-torsion point in E(K) tors . Then K = Q(P ), hence K is a cyclic cubic field by Lemma 2.1. Also E(K) tors defines a rational 14-isogeny on E, hence it gives rise to a non-cuspidal rational point on X 0 (14). By [K] , X 0 (14) contains only two such points. Now we explain how to find the rational elliptic curves corresponding to them. By the method explained in [JKL2] , we can construct a map from X 1 (14) → X 0 (14). Note that X 1 (14) and X 0 (14) are defined by
Then the natural map φ :
We can find 6 rational points satisfying (7) which correspond to 2 non-cuspidal points and 4 cusps. The rational points corresponding to non-cuspidal points are P 1 := (−2, 3) and P 2 := (−9, −25). By using (8), we have that the points lying above P 1 and P 2 which satisfy (6) are Q 1 := (1−α−α 2 , α) and Q 2 := (−3 + 2α + 2α 2 , 1 − 2α 2 ), respectively, where α is a root of the irreducible cubic polynomial
the maximal real subfield of the 7-th cyclotomic field.
By using the rational maps in Table 7 and p. 1133 of [S] , we obtain the elliptic curves E 1 and E 2 corresponding to Q 1 and Q 2 , respectively, as follows:
They are K-rational elliptic curves with torsion Z/14Z over K. Also the j-invariants of E 1 and E 2 are −3375 and 16581375, respectively. By using LMFDB [L] , we can find that 49A3 : y 2 + xy = x 3 − x 2 − 107x + 552 and 49A4 : y 2 + xy = x 3 − x 2 − 1822x + 30393 are elliptic curves with j-invariants −3375 and 16581375, respectively. By the computer algebra system Maple, we confirm that E 1 and E 2 are isomorphic to 49A3 and 49A4 over K, respectively. Thus we can conclude that 49A3 and 49A4 are two rational elliptic curves corresponding to the two non-cuspidal rational points on X 0 (14).
However, proving that they are up to Q-isomorphisms the only rational elliptic curves with torsion Z/14Z over Q(ζ 7 ) + requires some more justification. A priori, the modular curve only tells us that they are the only such curves up to Q-isomorphisms.
We still have to exclude the possibility that a quadratic twist, i.e. a rational elliptic curve isomorphic to 49A3 or 49A4 only over Q( √ d), might also have torsion Z/14Z over K.
The quadratic twist multiplies the y-coordinate of the 7-torsion point with a quadratic irrationality, and hence moves it out of K. But we have to take into account the possibility that at the same time another 7-torsion point might become K-rational. This would imply that over the composite field Q( √ d)K the curve 49A3 resp. 49A4 has two independent 7-torsion points; so by the Weil pairing Q( √ d)K = Q(ζ 7 ), and hence d = −7. Now we can invoke [GL, Theorem 1.1], which says (among other things) that no rational elliptic curve can acquire its full 7-torsion over Q(ζ 7 ). Alternatively, one can use Magma to check directly that over K = Q(ζ 7 ) + the Q( √ −7)-twists of 49A3 and 49A4 still only have torsion Z/2Z.
We also mention that 49A3 and 49A4 are CM-curves with complex multiplication by
Next consider the case E(Q) = Z/7Z. Suppose E is defined by a short Weierstrass form. In this case, if we adjoin the x-coordinate x(P ) of a point P of order 2, we have a cubic field K = Q(x(P )) over which E(K) = Z/14Z. Note that by [GNT, Theorem 1.2] (or rather by the proof of [N, Proposition 29] ), E(Q) tors ∼ = Z/7Z can never give E(K) tors ∼ = Z/2Z × Z/14Z, so K is automatically non-Galois.
Since X 1 (7) is a rational curve, it contains infinitely many rational points, hence there exists an infinite family of elliptic curves with 7-torsion. One can find the parametrization of such curves in [Ku, Table 3 ] as follows;
We point out that in [N] the constant term in the cubic factor of this discriminant carries an incorrect sign and that this slip propagates through that paper ( [N, p.262] and [N, p.265] ). However, it seems that this is merely a typo and that for the computer calculations the correct formula has been used. For example on page 265 in the proof that E(Q) tors ∼ = Z/7Z never produces E(K) tors ∼ = Z/2Z × Z/14Z the printed (i.e. incorrect) formula would lead to a Jacobian of rank 1. On page 262 (in the proof that 28-torsion cannot occur) the mistake does not affect the outcome of the computation.
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Note that E u is isomorphic to the elliptic curve defined by
Let α u be a root of an irreducible polynomial f u (x) for some rational number u. Then
. Then ∆ u < 0 for u ∈ I and ∆ u > 0 for u ∈ J, hence E u has torsion Z/14Z over complex cubic field K u when u ∈ I ∩ Q and over totally real, but non-Galois cubic fields K u when u ∈ J ∩ Q.
Finally, we consider the torsion of E u over pure cubic fields. For that we need the following easy fact.
Lemma 2.4. The discriminant of a pure cubic number field is of the form −27d 2 for some d ∈ Q. Thus the result follows.
Suppose u ∈ I ∩ Q. By Lemma 2.4 a necessary condition for K u to be a pure cubic field is
for some k ∈ Q. By letting v = 9k u 3 (u−1) 3 in (9), we have the following equation: v 2 = −3u(u − 1)(u 3 − 8u 2 + 5u + 1), which defines a hyperelliptic curve C of genus 2. Note that the Jacobian J(C) is of rank 0. Applying the Chabauty method implemented in the computer algebra system Magma, we obtain that all the rational points are (0, 0), (1, 0), ∞. However, these points cannot give pure cubic fields. Therefore, the torsion Z/14Z cannot occur over pure cubic fields.
Theorem 2.5. Suppose E is a rational elliptic curve with E(K) tors = Z/14Z over some cubic field K.
(a) If E(Q) tors = Z/2Z, then E is one of 49A3 and 49A4, and K = Q(ζ 7 ) + .
(b) If E(Q) tors = Z/7Z, then there exist infinitely many non-isomorphic rational elliptic curves E over both totally real cubic and complex cubic fields K so that E(K) tors = Z/14Z. But there is no rational elliptic curve E so that E(K) tors = Z/14Z over a pure cubic field K.
E(K) tors = Z/18Z
Suppose E is a rational elliptic curve with E(K) tors = Z/18Z for some cubic field. By [GNT, Theorem 1.2] , E(Q) tors = Z/6Z or E(Q) tors = Z/9Z.
First consider the case E(Q) tors = Z/6Z. We have the following result:
Lemma 2.6. Suppose E is a rational elliptic curve with E(K) tors = Z/18Z for some cubic field K. If E(Q) tors = Z/6Z, then K is a cyclic cubic field.
Proof. Let Q be a K-rational 18-torsion point of E. Then P = 6Q must be one of the two Q-rational 3-torsion points of E. If not, E would have two independent K-rational 3-torsion points which by the Weil pairing would lead to the contradiction ζ 3 ∈ K.
Over Q there are exactly nine 9-torsion points R of E with 3R = P . Always three of them are multiples of each other (and hence generate the same field extension of Q) and lie in the same cyclic 9-isogeny. So, fixing the K-rational 9-torsion point R = 2Q, we see that K/Q is Galois if and only if the Galois conjugates of R are 4R and 7R. If K/Q is not Galois, then each of R and its two Galois conjugates must lie in a different one of the three cyclic 9-isogenies containing P ; so in this case none of the cyclic 9-isogenies containing P can be Q-rational.
Next we note that if K/Q is not Galois, then E has a Q-rational 3-isogeny S different from P . If not, then by [N, Proposition 14] E has a Q-rational 9-isogeny and we can take the 3-isogeny it contains, which, by what was just discussed, for non-Galois K is different from P . Now we consider the elliptic curve E = E/ S , that is, the image of E under the Q-rational 3-isogeny whose kernel is S . The Gal(Q/Q)-orbit of R consists of the points R, R + S and R + 2S, which all map to the same point on E. So the image of R on E is a Q-rational point, and still a 9-torsion point (as 3R = P is not in the kernel). But E also inherits a Q-rational 2-torsion point. So all in all E is an elliptic curve over Q with a Q-rational 18-torsion point. This finally is the desired contradiction.
8 Suppose E is a rational elliptic curve with E(K) tors = Z/18Z for some cyclic cubic field. Then Gal(K/Q) acts on E(K) tors = Z/18Z. Thus E(K) tors defines a rational cyclic 18-isogeny on E, hence we get a non-cuspidal rational point on X 0 (18).
Conversely, suppose there is a non-cuspidal rational point on X 0 (18). This corresponds to a rational elliptic curve E with a rational cyclic 18-isogeny. Here we assume E is defined by a short Weierstrass equation. Note that the underlying 2-torsion point is rational, but some elements of Gal(Q/Q) might map the underlying 3-torsion point P to its inverse. Thus x(P ) ∈ Q, but the y-coordinate y(P ) of P might be quadratic over Q. After a suitable quadratic twist with y(P ), we get a new rational elliptic curve E with a rational 3-torsion point. The 2-torsion point and 18-isogeny are still rational. Thus E has an 18-isogeny φ whose kernel ker(φ) contains a rational 6-torsion point. Let Q ∈ ker(φ) be a point of order 18 and put K = Q(x(Q)). If y(Q) is not defined over K, then there exists an element σ ∈ Gal(K/K) which maps Q to −Q.
Since P = 6Q, σ maps P to −P which is impossible because P is defined over Q. Thus K is actually equal to Q(Q). Then the pairs (E, Q) and (E, Q ) correspond to a K-rational point on X 1 (18) and a rational point on X 0 (18), respectively. Since the natural map X 1 (18) → X 0 (18) is a Galois covering of degree 3 and it maps (E, Q) to (E, Q ), K should be a cyclic cubic field. Thus we have a rational elliptic curve E over a cyclic cubic field K with E(K) tors = Z/18Z.
Since X 0 (18) is a curve of genus 0 with a rational point, it has infinitely many rational points. Thus there exist infinitely many rational elliptic curves E over cyclic cubic fields K so that E(K) tors = Z/18Z. For obtaining such an infinite family, we don't compute directly 18-isogenies because it requires a big computation. Instead, we use 9-isogenies. By the computation in [CW] , we have a family of elliptic curves E t,U with 9-isogenies as follows:
First, we will find a family of elliptic curves E s with 9-isogenies and underlying rational 3-torsion by choosing appropriate U. Using Magma, we obtain that a linear factor of the 3-division polynomial of E t,1 is x + 81t 3 + 243t 2 + 243t + 81. By putting x = −81t 3 − 243t 2 − 243t − 81 in (10) with U = 1, we have that the square of the y-coordinate of a 3-torsion point is equal to −2 4 3 9 (t + 1) 3 . Now we put t = s and U = −3(s + 1) in (10), then up to a Q(s)-rational isomorphism E t,U becomes the following:
B(s) = 2(27s 6 + 162s 5 + 405s 4 + 504s 3 + 297s 2 + 54s − 1), which has a rational 3-torsion point for any rational number s = −1.
Using Magma we compute that a cubic factor of the 9-division polynomial of E s is given by
and its discriminant is given by 2 12 3 4 (s 2 + 3s + 3) 2 , which is a perfect square.
Thus, for a rational number s such that F s (x) is irreducible, E s has a 9-torsion point P s whose x(P s ) is contained in a cyclic cubic field K s := Q(α s ) where α s is a root of F s (x). Indeed, P s is defined over K s , for otherwise there exists an element σ ∈ Gal(K s /K s ) which maps P s to −P s , and then the 3-torsion point 3P s maps to −3P s which is impossible because 3P s is rational.
On the other hand, if E s has a rational 2-torsion point, then E s must have a rational 6-torsion point because E s has a rational 3-torsion point. In general f s (x) := x 3 + A(s)x + B(s) does not have a linear factor in x over Q. However, substituting s = s(u) := u 3 −3u 2 3u−3 , f s(u) (x) splits into a product of a linear factor and a quadratic factor over Q. Thus E s(u) has a rational 2-torsion point, hence we finally have an infinite family of elliptic curves E u over cyclic cubic fields K u so that E u (K u ) tors = Z/18Z and E u (Q) tors = Z/6Z as follows:
+ 66u 10 − 228u 9 + 567u 8 − 1080u 7 + 1596u 6 − 1800u 5 + 1503u 4 − 900u 3 + 378u 2 − 108u + 9).
a 0 (u) = − u 18 + 18u 17 − 165u 16 + 1020u 15 − 4716u 14 + 17172u 13 − 50904u 12 + 125820u 11 − 263358u 10 + 470376u 9 − 718146u 8 + 934740u 7 − 1028268u 6 + 939276u 5 − 693360u 4 + 399924u 3 − 173097u 2 + 52326u − 8721.
Next consider the case E(Q) = Z/9Z. This case can be treated by the exact same method as E(K) tors = Z/14Z with E(Q) tors = Z/7Z. As in that case, K is not a cyclic cubic field. One can find the parametrization of E u with E u (Q) tors = Z/9Z in [Ku, Table 3 ] as follows;
with discriminant ∆ u = u 9 (u − 1) 9 (u 2 − u + 1) 3 (u 3 − 6u 2 + 3u + 1) = 0. Note that E u is isomorphic to the elliptic curve defined by
Let α u be a root of an irreducible polynomial f u (x) for some rational number u. Then K u := Q(α u ) is a cubic field, so that E u (K u ) tors = Z/18Z. Let r 1 , r 2 , r 3 be the three real roots of u 3 − 6u 2 + 3u + 1 = 0 with r 1 < r 2 < r 3 , then r 1 < 0 < r 2 < 1 < r 3 . Note that u 2 − u + 1 = 0 has no real root. Put I := (−∞, r 1 ) ∪ (0, r 2 ) ∪ (1, r 3 ), J := (r 1 , 0) ∪ (r 2 , 1) ∪ (r 3 , ∞). Then ∆ u < 0 for u ∈ I and ∆ u > 0 for u ∈ J, hence E u has torsion Z/18Z over complex cubic field K u when u ∈ I ∩ Q and over totally real, but non-Galois cubic fields K u when u ∈ J ∩ Q.
Finally, we consider the torsion of E u over pure cubic fields. Suppose u ∈ I ∩Q. Then K u can be a pure cubic field only if (12) − 27k 2 = ∆ u = u 9 (u − 1) 9 (u 2 − u + 1) 3 (u 3 − 6u 2 + 3u + 1)
for some k ∈ Q by Lemma 2.4. By letting v = 9k u 4 (u−1) 4 (u 2 −u+1) in (12), we have the following equation: v 2 = −3u(u − 1)(u 2 − u + 1)(u 3 − 6u 2 + 3u + 1), which defines a hyperelliptic curve C of genus 3. Since the Chabauty method is implemented in Magma only for a curve of genus 2, we use another method to find all the rational points on C. By using Magma, we compute that the group Aut Q (C) of rational automorphisms is of order 6, and it has an automorphism σ of order 3 as follows:
. Then the quotient curve C/ σ is an elliptic curve E defined by y 2 = x 3 + 1, and the map φ : C → E of degree 3 is given by
Note that E(Q) = {O, (−1, 0), (0, ±1), (2, ±3)} is of order 6. Moreover, C has three obvious rational points (0, 0), (1, 0) and ∞ which are lying above O. Using the map φ, we can compute explicitly the points on C lying above non-trivial points of E(Q).
They turn out to be not rational, hence C(Q) = {(0, 0), (1, 0), ∞}. However, these three points cannot give pure cubic fields. Therefore, the torsion Z/18Z cannot occur over pure cubic fields.
Theorem 2.7. Suppose E is a rational elliptic curve with E(K) tors = Z/18Z over some cubic field K.
(a) If E(Q) tors = Z/6Z, then there exist infinitely many non-isomorphic rational elliptic curves E over cyclic cubic fields K so that E(K) tors = Z/18Z. (b) If E(Q) tors = Z/9Z, then there exist infinitely many non-isomorphic rational elliptic curves E over both non-Galois totally real cubic and complex cubic fields K so that E(K) tors = Z/18Z. But there is no rational elliptic curve E such that E(K) tors = Z/18Z over a pure cubic field K.
E(K) tors = Z/2Z × Z/14Z
Bruin and Najman [BN] proved the following result:
Theorem 2.8. [BN, Theorem 1.2] If E is an elliptic curve over a cubic field K with torsion subgroup isomorphic to Z/2Z × Z/14Z, then K is cyclic over Q and E is a base change of an elliptic curve over Q.
Also, they suggested a method to find a rational model of E from a model over a cyclic cubic field in [BN, Remark 3 .10] as follows; Given an elliptic curve E over a cubic field K with E(K) tors = Z/2Z × Z/14Z, if we choose a point P of order 7 in E(K) tors , and write down the unique (long) Weierstrass equation for E such that the points P , 2P and 4P lie on the line y = 0 and the points 3P , 5P and 6P lie on the line y = −x, then this Weierstrass equation has coefficients in Q. On the other hand, the first author, Kim and Lee [JKL1] provided an infinite family of elliptic curves E t over cyclic cubic fields K t with E t (K t ) tors = Z/2Z × Z/14Z. Indeed, there is a typo in the family of [JKL1] , and the first author corrected it in [J] . By using the method from [BN, Remark 3 .10], let us find an infinite family of rational elliptic curves E u over cyclic cubic fields K u with E u (K u 
Firstly, let us write down the family of [JKL1] in a short Weierstrass form, say,
Here we don't present the coefficients because they are huge and complicated. The reason we use a short Weierstrass form is that the computer algebra systems could not find a point of order 7 from the given equation in [JKL1] , but we don't know why.
Secondly, using Magma, we compute a linear factor of the 7-division polynomial, then using Maple we compute a 7-torsion point P = (x 1 , y 1 ) as follows:
where α t is a root of the following cubic equation:
Put mP = (x m , y m ) for m = 1, 2, 3, 4, 5, 6. Let L 1 (resp. L 2 ) be the line through P , 2P and 4P (resp. 3P , 5P and 6P ), and let Q = (x 0 , y 0 ) denote the intersection point of L 1 and L 2 , actually, y 0 = 0.
Thirdly, using Maple, we find a change of variables to bring E t in the form described as above by solving the following system of equations: p 3 y 0 + p 2 qx 0 + s = 0, p 2 x 0 + r = 0, p 3 y 1 + p 2 qx 1 + s = 0, p 3 y 2 + p 2 qx 2 + s = 0, (15) − (p 2 x 3 + r) = p 3 y 3 + p 2 qx 3 + s, − (p 2 x 5 + r) = p 3 y 5 + p 2 qx 5 + s.
Here the first two equations mean that Q maps to (0, 0), the next two equations mean that P , 2P and 4P lie on the line y = 0, and the last two equations mean that 3P , 5P and 6P lie on the line y = −x. Using Maple, we obtain the following: p ={(t − 1)(t + 1)(t 5 + t 4 − 6t 3 − 46t 2 + 53t + 29)α 2 t + (t 8 + 4t 7 − 4t 6 − 60t 5 − 42t 4 + 492t 3 − 228t 2 − 308t − 111)αt + (t + 1)(t 7 − 2t 6 + t 5 − 58t 4 + 259t 3 − 318t 2 − 5t − 6)}/{2(t 2 + 3)(t 6 + 4t 5 + 13t 4 − 40t 3 + 19t 2 + 36t + 31)}, q = − 1/2, r = − (t 12 + 4t 11 + 6t 10 − 36t 9 − 45t 8 + 168t 7 + 804t 6 − 1608t 5 + 855t 4 + 788t 3 + 2166t 2 + 684t + 309)/ {12(t 2 + 3) 2 (t 8 + 4t 7 + 16t 6 − 28t 5 + 58t 4 − 84t 3 + 88t 2 + 108t + 93)}, s =(t 12 + 4t 11 + 6t 10 − 36t 9 − 45t 8 + 168t 7 + 804t 6 − 1608t 5 + 855t 4 + 788t 3 + 2166t 2 + 684t + 309)/ {24(t 2 + 3) 2 (t 8 + 4t 7 + 16t 6 − 28t 5 + 58t 4 − 84t 3 + 88t 2 + 108t + 93)}.
Lastly, letting t = u and using this change of variables, we obtain an infinite family of rational elliptic curves E u over cyclic cubic fields K u with E u (K u ) tors = Z/2Z×Z/14Z as follows:
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• E u : y 2 + xy = x 3 + A 2 (u)x 2 + A 4 (u)x + A 6 (u) where A 2 (u) = −4(u 6 + 2u 5 + 15u 4 − 20u 3 + 15u 2 + 18u + 33)(u − 1) 2 (u + 1) 2 (u 2 + 3) 3 (u 6 + 4u 5 + 13u 4 − 40u 3 + 19u 2 + 36u + 31) ,
A 4 (u) = 64(u 6 + 2u 5 + 3u 4 − 20u 3 + 39u 2 + 18u + 21)(u − 1) 6 (u + 1) 6 (u 2 + 3) 6 (u 6 + 4u 5 + 13u 4 − 40u 3 + 19u 2 + 36u + 31) 2 , A 6 (u) = 4096(u − 1) 12 (u + 1) 12 (u 6 + 4u 5 + 13u 4 − 40u 3 + 19u 2 + 36u + 31) 3 (u 2 + 3) 9 , or transformed into short Weierstrass form • K u = Q(α u ) where α u is a root of the irreducible polynomial f (x, u) given in (14) for some rational number u.
By this result together with Theorem 2.8, we have the following result:
Theorem 2.9. Suppose E is a rational elliptic curve with E(K) tors = Z/2Z × Z/14Z for some cubic field K. Then K is a cyclic cubic field. Moreover, there exist infinitely many non-isomorphic rational elliptic curves E and cyclic cubic fields K so that E(K) tors = Z/2Z × Z/14Z.
As a by-product of all results above, we have the following:
Theorem 2.10. Any rational elliptic curve does not gain a torsion group not occurring over Q when the base field is extended to a pure cubic field.
